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MR 1. & kK IEHH, WE
b b
f kf(x)dx=l<f f(x)dx
MR 2. (RERIANME)
b b b
J [f(x)ig(x)]dX=f f(x)dXif g(x)dx
MR 3. (XEAMmE) a<c<b, ME
b c b
f f(x)dx=f f(x)dx+J F(x)dx

Fie 1. BME ¢ A a M b i8], EdRMRIKARMIIAY.

b b
f 1dx=J dx=b—a
a a

M5 5. WERXIE [a.b] £ f(x)=g(x), ME

%R 4.

b b
J () dxzf g(x)dx.
R, RERXIE [a,b] k f(x) >0, MBE

b
J f(x)dx = 0.
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4 B3
#ig. | [0 dx | < [7[F00|dx.
MR 6. MREH F(X) EXE [a,b] LHBMAERSNMESRIH M R m, MFH
m(b—a) < fbf(x)dx <M(b—a)
MR 7 (RS REEIE). & F(X) & [a.b] L8, W [a.b] hELCHE—S E, #15

b
f fx)dx =f(&)(b—a)
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EX 1. REH f(x) & [a.b] EEE, 4 o(x) = [[f()dt, x €[a.b], HARS LR
R T FIRFAS.

EE 1.

®'(x) = <fo(t)df>, =f(x)
T 2 (REEFEEE). MREH () # [a,b] &S, MFHL

®(x) = fxf(t)dt
R f(x) f£ [a.b] EH—NEEH. a
EIE 3. 1% f(x) 7 [a.b] Ei%EZE, B F(X) 2 f(xX) —1MERE#H, NE
Lbf(x) dx = [F(x)]° = F(b) — F(a)

EMAMRPERLNXSIF M —KBRELK.
ERSBTAR: € x=¢(t), WA

Lbf(x) dx = f:f(fp(t))fp'(t) dt

Hrp, Y x=aff, t=a; Hx=>bH, t=p.

(1) A x=o(t) BEE x RAFHEER, ROREENAIKNE.

(2) Kt flp(D)]0'(t) H—REH o(1) 5, FLRHBTERAMHBER o(t) TH
RELE x &Y, MASHHFEENLE, TRIJKA () REHEERTT.

(3) ASE—FEMITAREMNEMER SR AT UNRIT, HRERAFERLETIREEET.

(1) R#TAmER, BIBERTRTAXNASE;

(2) MORERHEMIENESHRY, HENLMDXEZHT;
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(3) HAE R TE ST, BB E.

RID. (1) % f(x) HEES, T f £ dx = 0.

2) % fo0 BT, N | Foodx=2 f £ dx.
—a 0

TEH. f(x) £ (—0,+00) EELE, LU T AREHN

a+T T
f f(x)dx =f f(x)dx. (a AEESZH)
a 0

W u(x) « v(x) £XIE [a, b] EEBEESH, NE.

Bx

b b
f udv=[uv]2—f vdu

RERTBEMMIEE.:
1. ZRRXE LIRS : THRARER
2. EFRBIAS: THFREBIRERD
EX 2. R f(x) £ [a,+00) LEL, R
bﬂrpwfbf(x)dx (b>a)
BF1E, MARLEARPR A f(x) 7EX 8] [a,+o;) LR ERS, I1E

+00 b
f f(x)dx =b|lrpoof f(x)dx

KEHBERR B [T F(x)dx I8Y. IR ERBRRAELE, MBMRERS [T FO)dx £,

EX 3. WEH f(x) £ (—oo,b] LiELE, IR
b
aﬁrpooJ f(x)dx (b>a)
B, SAFRLEARPRA f(x) EX(E) (—oo,b] IR EFRSY, iB1E

b b
f f(X)dX=aﬂrj\oof f(x)dx
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SEHBFRR BF4 [°fO0dx I8, IR ERRIRTEE, MmEERsS [°F()dx K

EX 4. R f(X) £ (—o0, +00) FiFEL, MMRRERS
JO f(x)dx #n me(x)dx
s, WERR B fj:f(x)dx W ERBNRERDZFA f(X) £ (—00. ) EHY
RERS, B
fmf(x)dx = fo FO)dx + me(x)dx

0 b
=allmooj f(x)dx+blim f f(x)dx
a ~t*Jo
EMHEERS [77 FO)dx REL

EX 5. REH f(x) £ (a.b] EFLE, B lim f(x) = oo, MRHRIR lim [ F(x)dx(e > 0)
f7E, MARILARIR D R f(x) 7EKIE] (a.b] ERIRERS, et

b b
j f(x)dx=ellr(nf f()dx

KEHERRE B [ FOOdx IN8Y, R ERBBRRALE, MR EIS [ FO)dx &,

X 6. WM F(x) % [a.b) L, B lim £(x) = oo, MBRIR lim [ F()dx(e > 0)
BHE REXRER

b—¢

b
f fO)dx = E'l%rl f(x)dx

a

BEUHREERS [ fO)dx L.

EX 7. WEH f(x) £ [a.b] LB x =c(a<c<b)shES. B limf(x) = oo, MRAED
RER

c b
f f(x)dx %ﬂJ f(x)dx
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U, BEXRER

b c b

f f(x)dx=J. f(x)dx+f f()dx
c—¢ b
= gILrglf f(x)dx + E[Lrg+J. f()dx,

EMHEERS [ fO)dx £,
EX 8. [(r)= [["xle*dx (r>0) & I BH.
MR 8. I REANMT LN

1. F() =1

2.Mr+1)=rr(rn)=r(n+1)=n!

3. &R C(NNr(1—-r)= (0<r<1).

s
sin(mr)

4.1 =vm
EX 9. SHEMEH x >—1, EXEHMTA

x!'=T(x+1).
1. % y = f(x), x 3, BH% x =a UKREZ x = b FTERAEASE R EFR K
b
5= f [F(x)] dx
2. Ay =fix)y=f(x), x=a,x =b FrERNFEEFNERL
b
5= f [f2(x) — fa(x)| dx
1. B EE

2. FRAERTXE <= MBI =1GE

3. HERRERY < MBI FIEFE

Bx
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4. HERDER

1. HMiZ x =o(y), y ¥, HEZk y=a UUREZ y = b FTERAEASERZEmER A

b
S= J le(y)|dy
2. HHZ x=01(y), x=02(y), EZ& y=a UKEZ y = b FrEIEFEEFR A
b
5=J l@1(y)— @2(y)|dy
ik y = f(x), & x=a, x=b % x HMPFTERANTEER, 5 x HHiEsEmRaREE ik
HAFRZ
b b
V= J my? dx = nf [f()]% dx

Mk x = o(y), BE& y=c, y=d & y BHETEROTEER, £ y HEessmmaInesE i
HIRFR R

d d
vy=f nxzdy=7tf [o(y)]?dy

Fid. IRIERARBRESMZ y =f(X) « HZk x = a.x = b LAK x HFTE A HAS RS
y HiERE — BRI, A

b
V, = Zﬂf X[f(x)|dx

. ! 1
B|IEm 1. 1.3K — cos — dx.
2 X2 X

f: arctan tdt
2. K&R lim —m8 .
x—0 X2
3. kBEy=x3.y=0 K% x =1 FrEEFES v tHiEiE S iEs a0 A3,

4. k% vy = 2x%? 585% y = 4x B FEEFATETR.
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- 1
ER. 1 5,'

ull N
w|

1
I 2. AR J VI —x3dx.
0

2. & x=sint, N

1
f x2\/1—x2dx=f
0

0

1 (21— cos4t 1 1
=_J L dt==(t—=sin4t
4, 2 8 4

T

16

n
2

1 (3
sinztcosztdt=zf sin?2tdt
0

n
2
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1.8 ZITEH
# Po (Xo.y0) € R?. 8 JH—IEH, % R? 52 Po (xo.yo) HIEE/NTF 6 89 P(x.y) Hi%

7, AR Po (Xo.yo) B9 6 2835, 1E4E U(Po.6). I
U(Po.8) ={PeR?||PoP| < 6}

= {1 Vox=x0) + (y—yo)* <5}
FILRLE, U(Po.8) RETELB Po(xo.y0) Jifils, B &6 b4 EMER (FEIFE).

EX 1. FEHEHRE

{0V (x=x0)? + (y = yo)? < 8}
B39/ Po(Xo.Yo) 9 & 4Bk, 12 U(Po.5).
EX 2. PEHLMAE
{Gey|o < Vox—xo)? + (y—yo)? < 6}

FRAE Po(Xo, Vo) B i 6 4881, 12 U(Po, 5).

EX 3. BZTEH f(P)=f(x.y) IENIA D, P(xo.yo) B2 D HHERA. MIREFEEH A,
SHIZBE € >0, BREE—6>0, RE (x.y) e DnU(Py.5), #hH

lf(x.y)—Al <e,
MFRY (x,y) #FE Po(xo.Yo) B, EE f(x.y) LA HRIR, Bk
(X.y)l—l»@o,yo)f(x’y) =A

Fig. 1. ZIu R ARt A ZEARR.
2. R HRIRRE EIEN 5 — T R B340

FiE. REARAR ( lim )f(x,y) = A RAFNTE (x.y) UEEFRXET (Xo.y0) B,

x,y)—(Xo0.Yo0

flx,y) 2#F A.

HERRTEFENG A
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1. % POxy) 3 y = kx BT Po(xo.y0) , HRIRMES k H%, MAKSRIRRELE;
2. REMARRGESR, & lim  f(xy) B, BRETES, KHETHE f(x.))

(x.y)—(x0.y0)

ER Po (Xo0.Y0) SRR FTE.
EX 4. IR f(P) =f(x,y) BIENXIEA D, Po(Xo.Y0) = D I8, B Po(Xo.Y0) €
D. % f(x.y) #E
(XY)l—i!gzo yo)f(x,y) =1(Xo0.¥0).
MFR f(x.y) £ (Xo.Yy0) SIELL ﬂﬂ%f(x y) #£ D 15— =88 ES:, MFRERE f(x,y) &£ D
EESE, iR f(x.y) = D ERIESREL.

SRVIFRY: HEAEMAREAVFRERLIBRRNUNZEME S S BFIARAI T
— IR FRRVEL.

— IS TNFRBEEE XX FER R EL.

TE X X 2456 & 7 E X R B X 185 A X 45

Fid. R A — TR BRI MR -

1. Zu#FRBAEEXXE LR REESM.
2. EZERH f(x.y) EEAAXE D L4, WEE D EeERGREXEMSIME (A
ma#x).

3. BEIRRH f(x.y) AAEFAXE D &L, WEAE D LRGN TRAEMS/IME
ZlEﬂEl’*JTﬂ"HE.

EX 5. WEH z=f(x.y) £ (Xo0.yo) FBHABEN, WMRIR
f(Xo+ AX.yo) — f(Xo.Yo0)

fx(Xo0.Y0) =A|>i(f_’(\o

AXx
71, MFRZMBRARBAERS (Xo.y0) &5t x KRS, iBh
0z f _JZ
& (x0.¥0) Zx(Xo.Y0). & Xoyo) JIx(Xo0.Y0)

L E L RBER (Xo.Y0) 3T y HIRSEA
f(Xo. Yo+ Ay)— f(Xo0.Y0)
Ay

fy(X0.y0) = A')i/r_f\o
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KBRK z = f(x,y) BIRSHET, EABERRABE—INBELEEL), F—IEXETEIEREE,
P LAT3 B A — T R BRI 93 73 VA K R

— = | By EREFREMX x KSHK

— = | £ x EEFEEMX y KX

BXRWSHHILRIHR:
ou
1. RSE = =—TEFILS, THERD;
2. R AR PEERLHRSHREREXK;
X
3. ZNERHARRRIUEE = ELE.

X z=f(x.y) BWRSH z« M z, BRESH, BSEENZMRSH:

V4
. > <_X) = E 2 S Fa0Y) e wRS
0z
[ ] E <a—> e —fyy( y) .................................................. é'—'E'fﬁ—r
. = = (V) e BE
< ) ox0y = fiy (X, ¥) wme
o (oz\ _ 92 BAmBS
[ ] & (5) = ayax —fyx( y) .............................................. V7 A =] =x

EX: ZHRZMALENRSBEERASM RS .
ZZ 62

T 1. MBEH z=f(x.y) WBEPN_MEESRSH
LEZXIBAXBENZMRE RSBV EE.

V4
EXig D iEZE, BB
dyax axay

WMSBEZFONTHORE: AHRRZENXR, ZEM.
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EX. FZnR# z=f(x,y), WR
Az = AAx + BAy + o(p).
Hep A, B5 Ax, Ay X, p=/(8x)? + (Ay)?, MFRAHATH, HRENEMD A
dz =AAx + BAy
EH. MREH z=f(x.y) AW, MWA=f(xy), B=f(x.y). B
dz =fi(x,y)dx + f,(x.y) dy,
Hreh dx =Ax, dy =Ay.
EE. MREZTRHEWEMRSEEEL, WO FE.

wz=f(xy), MeWMsrH
dz = fu(x.y)dx + fy(x.y)dy
Bu=f(x.y.z2), MemsH
du=fx(x.y.z2)dx + f,(x.y.z)dy + f.(x.y.z)dz

RS HUELE

W z=f(x.y), x=¢(t), y = ¢(t), WHEASRESERE z=f(P(t). Y(t)). LLEIFRAIE

dz o9zdx ozdy
_— = 4+ —
dt ox dt oy dt

Wz=f(uv), u=e¢(x.y) v=y(xy), NEMNSEEGRH z=F(¢(x.y). ¢(x.y)). L
BT RS
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0z 0zou 0zZov

=y —— (1.8.1)
X duox dV ox
0z 0z du 0z oV
gz _ o2t o2V (1.8.2)
ay  ouody avay
d 0z
1. & z=uv, u=3x2+y? v=2x+y, RKIRSH — f1 —.
ax  ay

EIE 2. WA F(x.y) =0 HETREHK y=f(x), B F(x.y) BEERSH, NE

dy  Fx
dx  F,’

- ‘ e AV
5l 2. &HFEYy—xe’+x=0BETREH v=f(x), XEH e

EIE 3. HEF(X.y.2) =0 BETHREH z=f(x.y), B F(x.y.2) BEERSH, WG

0z Fx 0z Fy

aX B FZ ay - FZ
e X N & N ) . 3z _ 8z
Bl 3. WHE —+ =+ —==1MWMETREH z=f(x.y), kKRESH — 1 —.
a’? b%? c? X  ay

EIE 4 (MEMVESMH). BEH z=f(x.y) 5 ( X0.Y0) EBARSH, BHES (X0.Y0)
LHBERE, MEEZRNRSELRAE:  fi(X0.Y0) =0, f,(Xo.¥0)=0.

EE 5 (MEMNFRSEME). WREY f(x.y) & (Xo.yo) ZBBEEEN_MKESH, B
(X0.y0) RERMHSR. & A =fix(X0.Y0), B=/fy(X0.¥0), C=fyy(Xo0.y0), MAE

(1) IR AC—B? >0, M f(Xo.yo) HHRIE.

° % A< 0, )nJJ f(Xo,}/o) yﬂ*&k{ﬁ
e HEA> 0, | f(Xo,yo) R ME

(2) MR AC—B? <0, M f(xo,yo) TRMIE.
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(3) IR AC—B?=0, M f(xo.y0) BENREZHINIZE.
EiE.
A B
B C

=AC— B2

mER. KR u=f(x,y) EAREH g(x.y) = 0 THIRIE.

k. € LIx.y)=f(x.y)+Ag(x.y), H

LX(X’Y) =0
Ly(x’)/) =0
g(x.y)=0

HE A, BSH (x.y) BARERRES.

iERE 1. % z=x2e’ + y2sinx, K dz|;.o.
Xy 822

B 2. W_JTRH z = Intdt, 5k :
1 oxoy

EBZR. 2ndx + m2dy, In(xy) + 1.

0z 9z

(]R8 3. %R z=f(x.y) AAIE e? =XyZz ERfAE, K a_ — R

x ay
R S F=e?—xyz, N

’r /— /' — aZ _
FX— vz, Fy xz, F,=e"—Xxy.

T2
a_z __F_; yz z
aX F. e?—xy x(z—1)
oy Fe?—xy y(z—1)
T2
9%z g—;x(z— 1)—ZX§—; —z
axay  x2(z—1)2  xy(z—1)3

E)RE 4. RKZTTERH f(x.y) = xy EMMEY x +y =1 THIRKE.

9%z

X3y

Bx
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. S LOGCY.A)=xy+A(x+y—1), W
L=y+A=0;
L;=x+)\=0;
L:\=x+y—1=0;

TR f(x.y) HEHRAER:

11 _1
f(za)w-

N|

BISHS: Xo=Yo =

17
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1.9 —E0H

WHTAE A RE A xy FEAFAXE D, TNEAZEEHE f(x.y), NWERETRKA

V= ff f(x.y)dxdy.
D

B 1 (BREATAnTE).

J f |af(x.y) + bg(x.y)] dxdy =a J J flx.y)dxdy + b J f g(x.y) dxdy
D D D

MR 2 (XKERTNE). &Ro X D Afk) 9k D, #1 D,, WA
J f(x,y)dxdy=f f(x,y)dxdy+f f(x.y)dxdy

D D, D>

MR 3. MRED £E f(x.y) > 9(x.y), M

f Jf(x,y) dxdy > U g(x,y)dxdy
D

D

HE 4. wED Em<f(x.y)<M, DEFRA A, WHE

mA < JJf(x,y) dxdy < MA
D

MR 5. MRED LB f(x.y)=1, D MNERAK A, NH

Jf ldxdy =A
D

MR 6 (ROFEEE). R f(x.y) EAXE D E&E%, D HWERA A, WED FELEF
E—r (&), ER

f f(x.y)dxdy =f(€.n)A

D

MRRAXE D A X BXE, BA
D={(xyla<x<b$:0) <y <200
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“ERSTURATAEARKITE:
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b $2(x)

f f F(x.y) dxdy = f U f(x,y)dy] dx.
a ¢1(x)

D

MRASXE D A Y BX, BB

D={Ccylla<y<b.¢i(y) <x< ()}
“ERSAUATEARKITE:

b $2(y)
J f(x.y)dxdy = J U fx.y) dx] dy.
D a $1(y)

o IBREMDENMARRANE, RONETIREARK.
R AR R X8

1. %5k 6 g9

2. K r (EK

D={(p.0)|a<0<B. ¢:1(0) <1 <p2(6)}

“ERNAERETRSEAYIRR TR

Jf f(x,y)dxdy = Jf f(rcos®6,rsin@)rdrdé,
D D

-J.|

$2(6)
f f(rcos®,rsin@)rdr| de
$1(6)




20 BHXE
B 1. AZ|=xFR
0 1+x 1 1-x
J dx J Fx.y) dy+f dx f fox.y)dy
-1 0 0 0

1 1-y
EX. J dyf f(x.y)dx.
0 y—1

X
B 2. HE_ERY fJD \/1_}:7}/3&7, Hf D RHX=/Y, x=05y=1FRBEHRNEX

3.
. BEHHE

1
= 5 \/ 1+ y3
B 3. tE =Ry ff VX2 + y?do, Heh
D

D={(xy)|x<x?+y?*<1,y>0}.

2. BEHARE

m 1 3 cos 6
J"?'Et=f de r-rdr—f def r-rdr
0 0 0 0
T 21

=——J —cos36de6
3 ), 3

m 1/ 1
=———|sin@——sin" 0
3 3 3

2

0

1.10 WMo AE

EX 1. EERMBENEHSH Mo AE, BN TEERNBNSIE
Fox.y.y'.y”.---.y™) =0
MAMPHRE. EPHoFETHINSHNESME n, FRAMS FENMN.
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BRE. 45, VIIRFME X, MEBENAERMGERGHERBHHNERCSSITR.

ARERSHIEI—MED HEABHER (AIDBEEE. STRMITHEIE or —MEMMS R
%)

RLFE LM 5 7 AR R R 2544

1 AINBEEENMSHRE f(X)dx =g(y)dy
o FHMNE [f0O)dx = [g(y)dy
2. SRMAHER L =F(%)
o FREI: BHOBRUR L =F()
o #IT: Sv=_, MBAy=xv, Al &L =xF +v. RAEHEEE
dv
X— +v=f(v)
dx

dv B dx
fV—-v  x
o LTSy : BREMR, ARBIE v KE

o TEEE: 57

1. —MEME2HE Yy +p(X)y = q(x) (g(x) = 0 RA—MTFREMERSIFHIE, g(x) #0
MRA—MIETFRE MM 75 18)

o RATESEER ¥y + p(X)y = 0 HIfRG y = Ce™/Pradx,
o 4§y =u(x)e /PR & X v/ 4 p(x)y = q(x).

u'(x) = g(x) el PeI%
= u(x) = J g(x)elPRdxgx +

= y = e/ POIdx (f q(x)el PeIdx gx 4 C)
EFRENVA—MEeMIET ARG RENBRAR.
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d d
BEE 1. REHHIE Y2 + XY = xy—Y WiER.
dx dx

. EAETSR
2
dy y> (%

Ty

dx xy—x* -1

y dy dv N
Lv=—y=v-X, —=Vv+x-—, KALULFIEE
X dx dx
dv v? v—1 dx
V+X:— = : dv=| —,
dx v-—1 Y X

XI<

4 y S A=F/ K = R 7
Bv—Inlvl=In|x|+C, Bl In|xv|=v+C¥ v= " RN, B FIZERE: yv=_Cex.

B8R 2. KR HFE xy' —y =1+ x3 HER.

fi#. BRFHAE

11
y'—-y=-+x%
X X

1 1

J <—+x2> e/(=X)xgx + C
X
1

f <—+x) dx+C
X2

1
=—1+ §x3+Cx.

L
y= e_f(_%)dx

=X

MR-MEBARBEMTRGE: vy’ +py’ +qy=0.

WHEFHERTZ A2+ pA + g =0 BIFEMRA AL A,

1 B/ A #F A AERSER, WAENBEREA

y= C]_e)\lx + Cze“"



1.10 WHHE 23

2. FH A =X =X AHERSER, MHEERBEREN

y = (C1 + Cx)e™
3. B A =0+ B =a—iB ARIEEIR, NAENERHA
y =e"(CycosBx + CysinPBx)
EX 2. HF#HI yx (x=0,1,2,--+), R
Ayx = Yx+1— Yx
Ay W (=) E57; W
A?yy = A(Byx) = Byxs1 — Dyx

A yx BWZMES.
MR, Z0EBUTMHR:

1. A(cyx) = chyx

2. Ayx £ 2z¢) =Ayx Az,

3. A(Yx 2x) = ZxDyx + Yx+102x

4 A (&) _ ZxAyx — yxDzx
Zx YxYx+1
EX. fan
FOX Y%, Yxe1: Yxr2:o  Yx+n) =0
WARBMAZENHRCER, aTHEN y 2LEEHED). ESAEPRIDES TR RAEM
RMENE, MAZESHENH. (XBEEXWTRA X+ n, /TR X, EHHEN
M7 n)

ESHi— NN A RERBRENHE, URESIHEESFENM
Wn: Ayy =yx+1 =mBAENHE?

EX 3. MR—MIIRNENFHIER, FERUIESE, WIRLHIIAZESHRERE.

o HE—ERIVIA R HIRRIR AR
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o B8 N MEERINEEERAMIR A n MES HIERIER.

Yx+1—Qayx = 0 WiEREA Yx = caX.

Bx

RLFE S Z B M E 5 H IR RS




1.11 EBEEW 25

1.11 EkBHEY

EX 1. BEHS: ui,uz, uz,---,Up, -+, NF
Up+Us+Us+ -+ U+

MATHS R (EREED, i8R D uy, HPE n DIFRARKABEIL.
n=1
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